PIEZOELECTRIC POLARON EFFECTS

Der im Grenziibergang F — oo, y — 0 wegfallende
Term ist ein direktes MaB fiir die Abweichung der
Magnetisierung diinner Schichten von der des kompak-
ten Materials. Diese Abweichung kann man merk-
wiirdigerweise nicht als linearen Oberflicheneffekt deu-
ten. Denn ein solcher wiirde einen Verlauf ~ 1/F zei-
gen, wihrend die Abweichung in (57b) mit F— o©
schwicher gegen Null strebt als 1/F.

Anhang II

Eine Monotonieeigenschaft der Magnetisierung

Abschliefliend soll noch auf eine Monotonieeigenschaft
der Magnetisierung und auf ihre Konsequenzen fiir die
durchgefiihrten Rechnungen hingewiesen werden.

Ersetzt man nimlich in (33) das Spektrum {E} der
Einspinwellenzustinde durch ein anderes {E’}, fiir des-
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sen Eigenwerte die Beziehung
E,/ Z E, fiir alle » (61)

gelten soll, so ist auch M’ (T) = M(T) ; die Magnetisie-
rung ist also monoton ,,mit dem Spektrum®.

Die in Abschnitt III durchgefiihrten Ndherungen fiir
die Eigenwerte kommen nun gerade einer solchen Er-
setzung des wahren Spektrums durch ein approximier-
tes gleich und fiir diese Ersetzung gilt (61). Denn so-
wohl I'y* als auch e? ist iiberall gréBer als seine Schmie-
gungsparabel, durch die wir die A -Abhidngigkeit der
Eigenwerte erfaliten, und demzufolge liegen die quadra-
tisch gendherten Energien iiber den exakt errechneten.
Das gilt auch fiir die Approximationen fiir s, bzw. t, .
Somit stellen die Formeln (57) — ebenso wie das
Brocnsche T*/:Gesetz fiir das kompakte Material — eine
obere Grenze der Magnetisierungen dar, die sich bei
Verwendung der wahren Eigenwerte in (33) ergeben
wiirden.
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Due to the interaction of an electron with both optical and acoustical modes in piezoelectric
polar crystals, modified expressions for the self-energy and effective mass of the polaron are to be
expected. The lattice vibrations are considered in the limit of large wave-length and an electrostatic
approach to the interaction of charges in the lattice has been used. The Hamirtonian for a piezo-
electric crystal of arbitrary lattice structure is given. With special reference to crystals of zinc-
blende-type, approximate solutions for the self-energy and effective mass are found by thermo-
dynamical pertubation theory. A numerical estimate for ZnS as a particularly favourable example,
shows a negligible modification of the ground-state energy, but concerning the effective mass a
contribution due to acoustical phonons of more than 50% of the optical-mode term.

In considering the interaction of electrons with
the vibrating lattices of ionic crystals earlier in-
vestigations were restricted to the case of an elec-
tron within an isotropic polarizable medium. Then,
in the limit of long waves, the electron strongly in-
teracts with the optical modes only and we now
know that for the behaviour of the resulting polaron
the longitudinal optical mode is of particular im-
portance. Looking upon the problem from the view-
point of lattice dynamics of anisotropic crystals (or
if we like an anisotropic polarizable continuum) it
is evident, that such a simple treatment must break
down in crystals without a centre of symmetry or
with polar axes. It is the purpose of this note to ex-
tend the theory of polarons to such piezoelectric
crystals. We start from the exact equations of mo-
tion for lattice waves of large wave-length and the
MaxweLL equations for the macroscopic electro-
magnetic fields within the crystals and write down
the corresponding Hamirronian. Because of the cou-

pling between the displacements of the ions relative
to each other and the displacement of the centre-of-
gravity of each lattice cell established by a 37 rank
tensor (which is connected with the piezoelectric
tensor) the acoustical vibrations can no longer be
separated from the interaction Hawmirronian. In
other words, the field of acoustical phonons cannot
be considered as a conservative subsystem and there-
fore suppressed as in the usual treatment of the
polaron problem.

Some simplifying assumptions will be introduced
during the presented work, (1) only a slowly-mov-
ing electron will be considered, so that an electro-
static approach may be a good approximation; (2)
we specialize to the simplest piezoelectric crystal
with only one nonvanishing piezoelectric constant
(zincblende structure). Even in this case the secular
equation determining the frequency spectrum cannot
be solved exactly except for some special directions
of wave vector for the lattice vibrations. To arrive
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at some at least preliminary results we must con-
sider the elastic vibrations of the solid as approxi-
mately isotropic. By perturbation theory we calcu-
late expressions for the modified self energy and
effective mass of the polaron due to the interaction
with the acoustical phonons. We hope that some fu-
ture work will be presented concerning the electrical
conductivity or mobility of the piezoelectric polaron
problem.

I. The Basic Equations

A detailed discussion of the lattice dynamics of
ionic crystals can be found in the standard textbook
by Born—Huanc! and the article by LeiBrriep 2.
From the latter (pag. 214, formulae 68.1 — 68.4)
the following set of equations is taken

Q‘gi:éik,mn Sk mn+ Z bz‘l?m Ukim 5 (1)
Ou i = Z é’z’/’c’ up, —ék’i'm Sk1m+ (0610 + b) Ex
" . (2)
rotH=*7P+ (E+ **Cvo(r-ry),  (3)
c [ 4
rotE=—i—H, (4)

div(E+4aP) =4dned(r—ry); divH=0, (5)
Py= Z (b3 + 001 0ir) uk +rig Ey (6)

Q.‘l:Mﬂ/V2§ Oel :Ze,“/Vza (7)
where the contribution of an extra electron (a point
charge e) moving in the medium with constant velo-
city ¥ is taken into account. For our purpose it is
unnecessary to define the coupling coefficients
Cir, mn » Citm etc. from the frequency dependent dy-
namical matrices occuring in lattice dynamics. At a
later stage of the work we will eliminate these coeffi-
cients by comparison with appropriate phenomeno-
logical equations. Thus the final expressions will
only contain well-defined physical quantities, the
values of which may be taken from experiments. It
will therefore be sufficient to explain the notation,
which is exactly LEBFrIED’s and to point out some
slight differences compared with this author’s treat-
ment. Latin indices 7, k, [, ... =1, 2, 3 refer to car-
tesian coordinate axes. We use the summation con-
vention with respect to the latin indices but not with
respect to the greek indices, which denumerate the

1 M. Born and K. Huaxe, Dynamical Theory of Crystal Lat-
tices, Clarendon Press, Oxford 1962.
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number of atoms contained in a lattice cell. The ions
have masses M., and charges Ze.. V,, o stand for
the cell volume and density of the crystal respectively.
The equations of motion (1) and (2) arise from the
one equation for the displacement vector s by de-
composing the latter into

si=si+u with Y'ovs? =085 > ovu?=0. (8)
v v

u;* are the displacements of the several ions relative
to the centre-of-gravity of a lattice cell, whose dis-
placement vector is denoted by s;. The ss corres-
pond to the field of elastic displacements in the long-
wave limit. According to the continuum approxima-
tion both u; and s; are functions of position x. We
use the abbreviation s; ,,, = 02s;/Cx,, Cx, etc. for
spatial derivatives.

If electronic polarization is taken into account
we arrive at eq. (6). thus extending eq. 68.3 of
ref. 2, where only the polarization due to the dis-
placements of ions relative to each other is con-
sidered. The first mentioned effect manifests itself
in a modification of the ion displacement represent-
ed by terms b% u} and a term ry; Ej explicitly de-
pendent on the macroscopic electric field (see ref. 1,
§ 35). Moreover there is a modification of the cou-
pling coefficients, which we imagine to be included
in the definition of these tensors. The coupling ten-

sors C etc. obey some usual symmetry relations
(pag. 194, 195 of ref. 2). For the coefficients b ,

ri: we have

Zb?'k =0; rp=ry. 9)

Introducing the scalar and vector potential
E=—(1/c) A—gradg, H=rotA
resp. together with the CouLomB gauge divA =0,

the following set of equations can be derived from
the Lacrancian density

B (";*v2+ ZA-v—egv)é(r~Te1)

i ia (Y 4. 2\ (1 ¢
+ 55 Gutdara) (oAt 7)( At 52
1 , AT
g - (rotA)2 — /; (010 + bix) uk(cAi+ %f?)
(10)

T | o0 1 ~
+ 288+ 5 e uiuf + 5 3 Ot uf
v = v

1 ]
— & Cire,mn Si\m Skin— Z Citon Wi Siym -
v

2 G. Leisrriep, Encyclopedia of Physics VII, 1, Springer-Ver-
lag, Berlin 1955.
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Writing down the EvLer—LaGRANGE equations to de-
duce the MaxweLL equations and the dynamical
equations for the lattice vibrations, we regard that
the polarization vector (6) couples the field quanti-
ties A, ¢ and u;*. With the help of the conjugate
momenta

al:/aii‘“: m* v+ (e/c) Ai,
QL/Qi# = o i,
a£/35i= 058,

3L 1 1
54 Ame (Oix+4ary) (c Ak

v v 1 v
— D (Gadu+bh) i

-3

we can easily calculate the HamirTonian density.
Using (5) and the fact that divergences may be
omitted from the Hamirronian, we find the follow-
ing expression most convenient for the subsequent
considerations

}{_7_ 2 o(r— rel)+‘—(6zk+4’nr1k)EEk
& 2
. +8nH
+%Zgyu,~Vﬁiv—%ZCé-‘£ué-‘uz (11)

. 1 =
+ Zozk7nuksum+ - S; 8 + 5 Clk mn Sijm Skin -+

II. Specialization of the Bacic Equation
to the Case of Cubic Symmetry

For convenience from now let us consider the
simplest crystal structure 43m showing a piezo-
electric effect determined by only one piezoelectric
constant. Furthermore we assume that only two
ions (or at least two aggregates of atoms) are con-
tained in a lattice cell.

We recall that the total symmetrical tensor of 274
rank is a scalar in cubic crystals, e. g. ryp=rdi
and that a tensor of 4" rank obeying the relations

Cik. mn = Cik, nm = Cki, nm = Cmn, ik s

has three independent components as is well-known
from the theory of elasticity. Using (9), which means
bl = —b% in our special case, a simple symmetry
consideration shows that

bir = — b Oy

for a crystal of ZnS-structure. Similarly, by com-
bining the general relations mentioned above
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C1k = kz; Z CLIZ “O
Czkm— —Ckzm = len s Z Cﬂcm =0

with appropriate symmetry operations of the group
43m, we find

1k - CZ] —C[) 6zk

and 51}3 =Cs=...= —Ci33 =C; =0

for all permutations of the numbers 1, 2, 3 and zero
otherwise. The last result is naturally the same as
can be found for the piezoelectric tensor in ZnS-
crystals.

Introducing the relative displacement

1

wi=u?—u;

and the reduced mass

M Madis 5= M
M= MM, and ¢ 7
the Hamictonian density writes
H=1m*v?8(r—ry) + 177(1 +4nr) E2+ 1 g
8x 8
+iow? JCow*-2C,w- € (12)

+ 4082+ $Cik, mn Siim Skin s
where we have defined a quantity € by
=% [se13+5312, S311+8113, S1j2+S271] -

The term —2 C; w- € couples the elastic vibrations
to the field of the relative displacements, thus pre-
venting the omission of acoustical phonons from
our Hamirronian. This term gives modifications of
the polaron properties due to the interaction with
the acoustical branches.

Writing down the polarization vector

P=(Z7z‘i +b)w+rE (13)

and the equation of motion

B ii; = _cow,-+&,c}msk,,,,+($ +b)E,- (14)

we can follow the arguments of Huanc !, which lead
to

r=(t—1)/4n
for high frequencies (w =0), and to
.+ b)

Cowz Ckzmsklm'*' ( (15)
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under static conditions (% =0). Substituting the
last equation in (13) we find by comparison with
the phenomenological relation

Pr=e im Siim+ a5 Eg

the expressions

ey = ey, 93= (ZVi +b) (C:‘— i (16)
z / 0
&=t _ 1 (Ze 2
= _CO(VZ +b) (17)

for the piezoelectric tensor and the dielectric suscep-
tibility a;;= (1/4 @) (&5 — 0;5). The usual procedure
now consists in eliminating the term proportional to
wy|; in the equations of motion (1) and comparing
the resulting equations with the elastic equations for
piezoelectric crystals. We will not enter into a fur-
ther discussion of this point.

We now make use of the assumption already men-
tioned in the introduction. We neglect retardation
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effects, so that the MaxweLL equations reduce to
div(E+4aP) =4ned(r—ry); rot E =0, (18)
which have the solution

Ee 1 ,grad S

e | | r—re1 [

Ze
+4n<Vz'

+b)w, } (19)
By w,; we denote the irrotational part of w .
Substituting the trial solutions

E=E, exp{i(q r—wi)},

s=e(l)expli(qr—wt)},

w=e(2) exp{i(qTr—0mt)},
the system of equations (14), (18), and (1) re-
duces to the following
w? e;(1) = Air ex(1) + By ex(2), (20 a)
w?e;(2) =Cye;(2) —Bir ex(1) +Rixex(2). (20b)
In determining the vibration spectrum of the crystal,
we may neglect the electric field due to the point
charge and we have introduced the following abbre-
viations

. L é = [ 4, g+ 45 (g2t qy') r ’fiiqt %H_ 5 ja 9195
B Tk dndn = Gan LT aaebilaiean |
. —— fv_ 0L, (;)a ol ) . - If detailed l'(nowledge of the phonon polarizations
Voo \: @ 0 (21) s needed (as in our problem), one must try to solve
4An(ZelV,+b)?  qiqr C 1 C the system (20) approximately (see Appendix).
(R —— T g 0= 0-
g(lrden ¢ e Transforming to normal coordinates by the ex-

For a later discussion it is useful to define the hypo-
thetical frequencies

Wot = Va, and  wg = Wy sz/é; (22)

as eigenvalues of (20b), if the terms Bj; e, vanish.

For each of the six solutions w3, (6=1, 2,...,6)
of the secular determinant (20) yields a set of eigen-
vectors e;(u|?) (u=1, 2) which can be chosen
such that

e (u|?) ei(u|d) =050,

e

s
[
-

23
ei*(/‘lg) el(Vig) =0y 6uv- (28)

Me

Q
I

There exist only o few special values for the wave
vector (, where the exact solutions of the secular
equations can be found. In general the tensor Bj;,
which is responsible for the piezoelectric properties
of the crystal causes the total eigenvector to be a
6-dimensional quantity for each fixed pair of values

q and o.

pansion

eigqr
Si= ;7 ei(l [3) agqo’ VQ*I; s

(periodic boundary conditions!)

wi= D (2|2 ag e

ghre 24
£ e

a straightforward calculation gives the following
expressions for the HamiLronian

m* G 2 %
H= f}l dr= ry v? 4 JZZ (g, Ags + Wgo Ags Agq)
q.0

_4mie(d+ZelVs) g e2]3) S
VoVQ+4ar) ;, p agoexp{i q Ta} -

The integration is over the periodicity volume of the
crystal. Imposing the condition

e (u|?) = —e(ul®
to the eigenvectors, we must have
*
Aqo = — A _qo

to ensure reality of the expansions (24).
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III. The Quantum-Mechanical Problem.
Discussion of the Modified Hamiltonian

As usual we introduce normal coordinates bgs by
defining
= 38/ 0o {bas —b% 45},

V‘Z h Wqo {bqa + b_qg}

and then change to the quantum case by imposing
boson commutation relations for the creation and

l aqa

destructive operators bg, and bgs resp. The term
3 m*v® converts to the operator of the kinetic
energy for a crsytal electrons in the effective mass
approximation. Neglecting the zero-point energy of
the field we finally arrive at

~

2
H= —é%A‘V‘ Zhwqab;&bqa

(25)
4 Y {(Vaobae €17+ Visbie i 17}
£
with
Var — _4111//5§%-Q'e;§'3’, (26)
g o1) o

It is easy to show that (25) translates to the Hamir-
tonian of the optical polaron in the limit of a van-
ishing piezoelectric effect. In this case the eigen-
vectors €(2|Z) do not contain any admixture from
the acoustical branches. That is, the 6-dimensional
vector space for the eigensolutions of (20) mention-
ed in II, decomposes into two 3-dimensional ortho-
gonal subspaces. If we denote the three acoustical
branches by 6 =1, 2, 3, we have €(2|{53) = 0 and
according to (20b) (with By =0) there exist true
longitudinal and transversal optical vibrations in
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this case. The resulting expression
opt. _ ezih
Ve iong = 4111/27’qu1 . (28)

completely agrees with the known result for the
optical polaron, if the dispersion of the longitudinal
optical mode is ignored.

The preceding remark can serve as starting point
for a general discusion of the interaction term. The
matrix element Vg4, contains the scalar product
q-e(2 3. Due to the piezoelectric coupling of eqs.
(20a) and (20b), it will generally not be true
that only the longitudinal modes interact with the
electron. Without solving the eqs. (20) it cannot be
decided how large the several contributions will be.

Whereas it will yet be a good approximation to
ignore the dispersion of the optical modes (oc=4
5,6), the relation wgs ~ q (0=1,2,3) valid for
small ¢ has to be regarded for the acoustical pho-
nons. Thus the interaction Hamirtonian splits into
two characteristic terms, distinguishable by different
q-dependence. In addition to a term of type (28),
there is one which is proportional to ¢~ ":. The lat-
ter is in contrast, for example, to deformation po-
tential coupling where V¢ ~ ¢

IV. Self-Energy and Effective Mass of the
Modified Polaron

As a simple application we have calculated the
self energy and effective mass of the polaron using
a thermodynamical second-order perturbation theory
as has been done by Krivocraz and Pekar?® and
Osaka? (the latter using the Feynman approach).
We thus avoid some trouble due to the degeneracy
of the unperturbed eigenstates of the total electron-
phonon system, if acoustical phonons are taken into
account.

The first nonvanishing correction to the partition function Z=Z2© +Z® is given by 3

yAC -

VAL Z | Vgal? /dv exp .

where Z(0 is the partition function of the entire noninteracting system and £ =

8m sﬁlh(%ﬁha)qa) ’

(1 —v?) ] cosh (3 B ki wgov) (29)

1/ks T

Assuming that at very low temperatures no internal degrees of freedom are excited and that the polaron
energy spectrum of small total momentum P has the form

E(p)

3 M. A. Krivocraz and S.J. Pekar, see Fortschr. d. Physik,
4. Sonderband, Akademie-Verlag, Berlin 1961.

=&+ &pP+eptt ...

£2=1/2 Mgt (30)

4 Y. Osaga, Progr. Theor. Phys. 22, 437 [1959].
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we may calculate the corresponding partition function. We then identify various powers of f with the
low-temperature expansion of (29), thus finding out expressions for the ground-state energy and the ef-
fective mass mg; .

At very low temperatures we have Sk wq’ "> 1 for optical vibrations and fh wi**">1 (with re-
spect to the DeBYE frequency ;) for the acoustical modes. Changing the sum over q into an integral
over the first BRiLLoUIN zone in (29), the upper limit may be taken as oo for the optical branches, but
must be set equal to g, for the acoustical vibrations, because otherwise the integral diverges. The low-tem-
perature expansion of (29) yields

2 2 2
Z(—) = Zﬁm)t. + Zg\ct)ust.

.'l k14 oo 6
gz fm* Vf N [ 2 N 2 1 { dm* g |
4 73 h? dg(, [ sin & dd [ q dqazi ’ Vas (¢*>+2 m* wqs/k) 1+ p h2(g®+2 m* wqo/h)? f (31)
0 0

T PPV Y S S [l
'o/q ! o; [V (g2 m* wqa/h q) T q+2mtomho? |
if an approximate v-integration is performed in (29).

In the appendix we have derived explicit expressions for the quantities | ¥;s|2 under the following as-
sumptions: (1) The piezoelectric coupling of equations (20) is small, so that the eigenfrequencies and
eigenvectors may be calculated by perturbation theory. (2) The crystal will be considered as elastically
isotropic. The latter assumption will not make any serious error in the order of magnitude of the effect
we are going to estimate.

According to (A 9) the first sum on the right hand side of (31) reduces to only one term. For a con-
stant longitudinal-optical frequency wq (belonging to g=0) the resulting contribution Z3; to Z® is
equal to the known expression given in the equations (26) — (31) of ref. 3. Using wg, t=c1 ¢ g, the ab-
breviation qj 1=2m" ¢, /R (c,; the longitudinal and transverse velocity of sound respectively) and
(A12), it is easy to evaluate the contribution Z{tht. :

7 ﬂ 8:1m*(4ee“)2”w3¢ ‘{747 [ln (gm+qt) 4 m* {7127 1 ]]

acoust. 5yhoho(s—ey) 7Ct | qt ﬂhz (qm+at)? | (32)
3 [1 (‘hn‘*“]l) 4 m* [ L 1 ]]
Tal "\ a ¥ A2 la® (gmtq)®]]]”

For small ¢ we can neglect °w};; compared with w3 in the denominators of (A 12). This leads immedia-
tely to the common factor wa* in (32). The cofactor in (32) can be simplified considerably, if we sub-
stitute y from (27) and use the relation (22).

f_ _ 8mz® _ 3zv

3 8 (33)

The mean thermal energy E is given by

which reduces to

= 2

Eo=E,® —ahwy~ 24cad"n" P ( >+ Sn (;H} (34)
in the limit T— 0. E, is the ground-state of the noninteracting entire system, —ah wg gives the well-
known depression of the ground-state energy due to the interaction of the electron with the longitudinal-
optical mode. The last term stems from the contribution of acoustical phonons via piezoelectric coupling.
Because ¢, =108 cm™! and ¢ ;=210% cm™!, we have g./q, > 1 and ¢ is negligible compared with
¢m in the logarithmic terms of (32).

Now the partition function for the decoupled polaron-phonon system with the energy spectrum (30) is

given by

I 2(4ee14)2m*[ ( ) 3 ( )]_15.34_
C Qamt)h 1+ﬂhw‘”a+ﬁ 5h 0’ Ta " ha JF7611 a 1p a2 TP 3
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where we have taken into account that &, is just the ground-state energy of the polaron (34). Thus by
comparison with (32) adding the contribution of the optical mode we find the relation

B S (meff )3’2: g B 2beay” | 4 (1 _ q{iﬁ) . 37( R
(2 &3 m*) s m* 47 Sohe? (T (gm+qn)2) T (gm+aq)? |”
Hence cally induced interaction of electrons and acoustical
mett _q . % 4(dee)® [ 4 | 3 | phonons might be important in other polar crystals
m* — 6 150hg? |Ted | T (36) too.

where according to g +/¢,m < 1 the correction terms
depending on ¢ ; and ¢, have been omitted. In ad-
dition to the well-known contribution a/6 we obtain
a term, whose order of magnitude is essentielly de-
termined by the elastic and piezoelectric properties
of the crystal. Note that in our approximation the
result (36) does not depend on the cut-off frequency
W

We have evaluated exactly the same results by
formal application of second-order RayLEIGH—SCHRG-
DINGER perturbation theory (for nondegenerate sta-
tes) at T =0, restricting to slow electrons with
k<3 (qg+q,t), thus considering virtual transitions
only. We have reproduced the thermodynamical per-
turbation theory because it does not suffer from the
difficulties connected with the degeneracy of unper-
turbed eigenstates. More rigorous approaches are
possible, but always much more elaborate.

As concluding considerations let us look at a nu-
merical estimate of the two results (34) and (36).
We choose ZnS as an example, because of the rela-
tively large piezoelectric constant. Using the values
o=4,1g/cm3, ¢)=4,79-105cm/s, ¢;=3,26°10%cm/s
leys| =4,23-10* cgs-units, ¢,=8 we find that the
energy depression due to acoustical phonons is negli-
gibly small compared with® —ah wg . The values
of a=1,3 and wy =7,3-10'3 s can be taken from
a table given by Browx?. The contribution to the
effective mass is, however, 0,13 m*, which cannot
be neglected compared with am*/6=0,22 m* for
ZnS. The smallness of a and the piezoelectric contri-
bution justifies the perturbational approach in this
special case. There are of course other examples
where the piezoelectric polaron effect is smaller than
in ZnS, e.g. 4% in sodium-chlorate. However we
believe that the contribution due to the piezoelectri-

5 F. C. Browy, in Polarons and Excitons, Scottish Universities’
Summer School 1962, Oliver and Boyd, Edinburgh 1962.

8 This result is perhaps not very astonishing. If we interpret
the coupling constants as an average number of virtual
phonons, we may at once refer to the smallness of the num-
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Appendix

If we want to calculate the absolute square of the
matrix element Vg0 , that is, using (26),

2
|Va2= GZEE L 1qe(218)2,

2}/qu7¢1 q‘ (Al)

we must obtain an expression for the scalar product
contained in (A1). We try to get an approximate
solution of the equations (20) considering the piezo-
electric coupling as a perturbation.

Substituting 7
e(u|o)="e(u|o) +ele(ulo), (u=1,2),
ws = %ws + &lws (A2)

in eqs. (20) written down in an obvious matrix
notation, we obtain for the O™ and 1%t power of the
expansion parameter ¢:

'%wZ% (1]o)= A%e(l]o), (A3a)
'92%(2|0) = w3 e(2|0)+R%(2]0), (A3D)
1n3%(1|0) +'w:le(l|o) =Ale(1]o)

+B%(2]|0), (A4a)
1p3% (2| 0) +'w3le(2|o) =w5 le(2] o)
—Bl%(1|0) +R'e(2]|0). (A4b)

The unperturbed equations (A 3) yield solutions

%e(l]|0=1,2,3) be(2|0=4,5,6)
[but ®e(1|0=4,5,6)=0 and %e(2|0=1,2,3)=0],
which may each obey the usual orthonormality rela-
tions.

and

ber of virtual acoustical phonons compared with the average
number of virtual optical phonons.

" We omit the g-dependence of e(u ],f) and @, in the
appendix.
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By scalar multiplication with %e (1 |0) or %e(2]0)
in (Ada), (A4db) resp. it is easy to show that

192 =0 (6=1,2,...,6).
We now multiply (A4 a) by %e(2|0") (¢"=4,5,6)

and (A4b) by %e(1]0") (¢"=1,2,3) and substi-

tute the expansion

1(2(1[0):Zaaa'oe(llo'), (A5a)

le(2|0) = Zbaa'°e(2|o'). (A5D)

We then find the following values for the coefficients
a and b

,_ (% (1]0), B% (2]0)) [¢'=1, 2,3
oo = 002 — Ol | 6=4,5,6 (16a)
,_ _ (e (2]d),B% (1]0)) [ 6=1,2,3
boo = ‘w2 —002, lo’=4,5,6 hiti ]

so that the final result for (2 |0) becomes
o (%e (2]0), B% (1]0)) ’
e2]o)= y Ce@le)BledlN)og(2] )
2 e (6=1,2,3),
e(2|o) =% (2]0) (6=4,5,6). (A7)
We already know that the unperturbed system

(A 3b) has pure longitudinal and transverse vibra-
tions. Let

%(2|0=4) =e(2|long.opt.) =q°=q/q;

3
D' F(wgo) %ei(1{0) % (1]06) =F(wy) du+ [F(w,) —F(wg)] %i(1]1) % (1]1)

o=1

for any function F. Choosing F(wgo) = f(wqo) | V'

PIEZOELECTRIC POLARON EFFECTS

O, =g and %€ (2|0=>5,6) belong to the trans-

verse optical modes; then we have from (A 7)

q"e2[4)=1; ¢°e(2]56)=0, (A8)
qOe(zlo) — (Oe (27]74')23 Pboe (1’0)_)((,:1, 2, 3).
Wor — W,

Returning to our polaron problem we state that in
the foregoing approximation the electron interacts
with the longitudinal optical mode and with all
acoustical branches. Thus the absolute squares of
the corresponding matrix elements are

opt.]a . (dmwe)*h 1
qul - 2;}1/0)81]». qg - (Ag)
| pagoust|2 _ (4ze)*h 1 |qiBir'ex(1|0)[2
7 ql 2yVwqs gt (0} —'w?)?
(6=1,2,3). (A10)

We will not be led to false results concerning the
magnitude of the effects, if as a further approxima-
tion an elastic isotropic continuum is considered. We
identify the longitudinal acoustical polarisation with
e(1'6=1) =q°; the two other eigenvectors
%¢ (1 0=2,3) then belong to the degenerate trans-
verse modes. The main advantage of the isotropic
case is that with the help of the closure relation

i“ei(l |0) % (1] 0) =4y
=1

we always find

(A11)

acoust. | 2

|2 [f(wgo) another arbitrary function] we find

with the help of (21), (16), (17), and (22) the relation

2yV

3
% acoust. |2
02='i f(wqa) I an ' B 9(80_800)

4 9(012:9))* [ f(wq)

qG

which has been of importance in chapter IV.

wq  (wH—wh)? o

(4 7’78)2 h 16x ejziiwﬁtr . ( fwqt) 912711227'*‘7‘11274324“122 Qsi
wat

¢ (w2 —"wi)?

flwg) 1 ]|
(02—'w2)2]]’

(A12)



